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Abstract

In the accompanying paper [A.R. Karev et al., Internat. J. Therm. Sci. 42 (2003), this issue] and the present one, the problem of the
appearance and disappearance of the thin water film flowing over an accreting ice surface is reformulated as a problem of the flow dynamics
of this water film, taking into consideration both laminar and turbulent heat transfer from the ice/water interface. By comparing the different
responses of the rate of ice growth in the supercooled flowing water film, to sudden disturbances in the film thickness, for both laminar
and turbulent heat transfer regimes, a new explanation is offered for “wet” and “dry” icing regimes. This explanation is an improvement
over the existing one [B.L. Messinger, J. Aero. Sci. 20 (1953) 29-42], which is based on macroscopic heat balance considerations. Our
solution considers a microscopic heat balance analysis, related to the kinetics of crystal growth, and allows for a finite supercooling at the
ice/water interface, relative to the fusion temperature of wdigr,In the present paper, the kinetics of freezing of a supercooled water
film flowing over an icing surface are examined in relation to turbulent heat transfer through the water film. The occurrence of turbulence
in the supercooled water film is found to be the determining factor contributing to its stability during freezing under fluctuating external
thermodynamic conditions.

0 2002 Editions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction aerosol and the water film, with either constant heat
flux or constant temperature boundary conditions at the
In the accompanying paper [1], the kinetics of freezing water surface.

of a supercooled water film, flowing over an accreting ice
surface, were considered in relation to laminar heat transfer It was shown that, given these assumptions, the laminar
through the water film. The paper investigated the responseregime of a shear—driven supercooled water film, with a
of the ice growth rate to short-term fluctuations of one nearly-linear temperature profile, is unstable. The instability
or several thermodynamic parameters, resulting in suddenconsists of irreversible changes in the water film thickness
disturbances in the thickness of the water film. The solution in the direction of its initial disturbance. If the water film
was conditioned by assuming the following facts: thins initially, there occurs a rapid disappearance of the
film. If it thickens initially, the process continues until the
(i) absence of appreciable heat conductioninto the already-liquid film achieves a stable turbulent flow. This behavior
formed ice deposit; was attributed to the absence of a significant longitudinal
(ii) anisothermal ice/water interface; and temperature gradient in the developed laminar flow, and
(iif) quasi-steady external thermodynamic conditions as a hence, to an inability appreciably to change the convection
consequence of assumed laminar flow in both the air- following disturbances in the thickness of the water film.
Convection has a significant influence on the ultimate
T Corre . change in the water film thickness over a very small range of
orresponding author. . . . p
E-mail addressfarzaneh@ugac.uquebec.ca (M. Farzaneh). longitudinal distance only, near the origin of the flow, where
URL addresshttp://icevolt.ugac.uquebec.ca/cigele. the temperature field is still developing. Between these two
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Nomenclature

empirical constant in the formula for the linear
rate of crystallization (see (9))..... arl.K—b
empirical constant in the formula for the linear
rate of crystallization (see (9))

van Driest damping empirical constant26

skin friction coefficient

specific heat capacity of water . .. -kg~—1.-K~1
correction to the rate of displacement of the
air/water surface due to evaporation . . . .-sn
constant in the universal law-of-the-wall
distribution of velocity

constant in the universal law-of-the-wall
distribution of temperature

=137Pr?2-75

mean transfer efficiency of the dispersed phase

from the aerosol into the surface of the water film
frequency of surface renewal motions on the
water side of the water/air interface... ... 1s
interfacial shear stress applied to the surface of

thewaterfilm ....................... N2
acceleration due to gravity............. .aT?
water film thickness ...................... m

thickness of the “diffusion sublayer”, near the
air—aerosol/water interface, over which the

influence of surface tension extends......... m

dimensionless heat transfer coefficient

height of the roughness elements........... m

von Karman'’s constant; 0.4

Kapitza number= (/ng)/(pw o—a)
specific latent heat of freezing of water .kg—*

Pr andPr; molecular and turbulent Prandtl numbers for

water
net heat flux at the surface of the water

heat flux at the ice/water interface. .. .. .
Reynolds number for water film calculated for

the mass flow rate

tiMe s
temperature field in the supercooled
waterfilm............ ... ... . K
temperature of the air—aerosol flow......... K
temperature of fusion of wate; 27315 K

friction temperatures % .......... K
dimensionless temperature in the supercooled

water film,= £-14

u(y) andv(y) tangentiarl and normal components of

water filmvelocity.................... 163
wall skinvelocity.....................
friction velocity at the air/water interface -7+

root-mean-square (rms) fluctuation of normal
component of velocity in water ... .... .
airspeed. ... gnt

w liquid water content (LWC) of the air—aerosol
flow.....oooiiiii kap—3
x andy tangential and normal co-ordinates in the wate
film. . m
% rate of displacement of the ice/water
INterface .. .....oooei st
% rate of displacement of the air/water
INterface .. .....oooei sl
Greek symbols
r mass flow rate per unit of film
width ... kg 1.s”
A1 = T,, — T1 supercooling at the ice/water
interface............. ... . e K
Ao = T,, — T> supercooling at the air/water
interface.............. ... i K
Aok =2 [0 (Tw —T)dy = f(A1, Az h)
supercooling of the bulk water............. K
ey andey eddy diffusivity of water for momentum and
heattransfer ........................ 2l
el dimensionless eddy diffusivity of water fo
momentum transfek: i—”:
Aw thermal conductivity of water .... Wh~1.K-1
L dynamic viscosity of water . .. .. .. kop—1.s1
Va kinematic viscosity of air............. sl
Vi kinematic viscosity of water .. ........ —1
0a airdensity..............cooiiin.. kg3
Oi density of the growing ice layer at the interface|
2 T I<|g1—3
Pw water density ....................... g3
ow—q Surface tension at the boundary between wate
and water vapourinair............... kg?
T shear stress in the water film.......... N2
Tl wall shearstress . .................... N2
Xw thermal diffusivity of water........... st
Subscript
1 ice/water interface
2 air/water interface
a air
crit critical
FL film flow
i ice
[ laminar
o surface
t turbulent
vis viscous
w water
wi wall

Superscripts

+

dimensionless
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zones, lies an intermediate narrow range of longitudinal in the air—aerosol and in the water film; that is, the flow in
distance, where the rate of ice growth exhibits no reaction both the air—aerosol and the water film is presumed to be
to changes in the thickness of the water film. turbulent. As in [1], we will focus on how fluctuations of
In what follows, it will be shown that, under similar one or several thermodynamic parameters, causing changes
assumptions, the turbulent heat transfer regime is stablein the thickness of the water film, can influence the rate
for a shear—driven, supercooled water film, flowing over of ice growth beneath the supercooled flowing water. The
a growing ice surface. Stability here means a restoration equations for turbulent transfer eéfmomentum and heat, in
of the water film thickness to its initial value, subsequent the thin water film flowing over the accreting ice surface,
to a disturbance resulting from a sudden change in any may be written as follows:
of the thermodynamic parameters. The solution will be Ju
conditioned by assuming the following: 3 {(Vw + 8M)E } =0 (1)
(i) absence of appreciable heat conduction into the already- 9 { oT } 9 {(”w M ) oT }
—Owten)—r=—1lo+to-)77(=0 @
formed ice deposit; dy dy dy L\Pr  Pr,/J dy
(ii) negligible convective heat transfer in comparison with where the following nomenclature is used for the properties
the turbulent heat transfer; and of water:v,, andy,, are the kinematic viscosity and thermal
(i) the external heat transfer at the surface of the flowing diffusivity (mZ.S*l), respectivelygy, andey are eddy dif-
turbulent water film is a consequence of turbulent flow fusivities for momentum and heat transfer’(st?), respec-
in both the air—aerosol and the water film. tively; Pr andPr, are the molecular and turbulent Prandtl
numbers, respectively;(y) is the tangential component of
This stable behaviour is explained by the rapid adjust- velocity (ms™); and T (x, y) is the temperature field in the
ment of the turbulent heat transfer through the film to sudden supercooled water film (K). The normal component of ve-
disturbances, due to changes in the thermal eddy diffusiv- ocity in the boundary layer is considered to be negligible
ity, ez, through the disturbed water film thickness. This be- in comparison with the tangential component. In Eqg. (2), it
haviour is a basis for the offered new explanation for “wet” is assumed that the turbulent heat transfer is considerably
and “dry” icing regimes as an improvement over the existing greater than that of the convective heat transfer. Application
one [2]. of a constant shear stress condition at the air—aerosol/water
interface and a no-slip condition at the ice/water interface
yields two boundary conditions for themomentum:
2. Formulation of the problem and principal ou F
assumptions — = 3)
dy y=y, PwVw
We begin here with the formulation of the problem, as uly=y, =0 (4)
it has been presented in the accompanying paper [1]. Wewhere F is the interfacial shear stress at the surface of
consider an icing object located within a supercooled air— the |iquid film (N-m~2); and p, is the water density
aerosol flow, and suppose that a thin turbulent water film, (kg.m=3). As in [1], a constant interfacial shear stress will
flowing under the influence of a constant air shear stress, e considered here for the ideal case of a smooth free surface
F, has formed on the icing surface. Suppose that the layeryjthout surface waves, having constant pressure in the liquid
lying immediately adjacent to the surface of the structure fjim as a consequence. In future research, the real enhanced
has already turned into ice (Fig. 1). A turbulent-turbulent ajr shear stress, as produced by natural surface disturbances,
combination of regimes is examined here, for parallel flows could be taken into account by using experimental data. It
was shown in [1] that the simple empirical formula proposed

A V_‘1 ' by Cheremisinoff and Davis [3], deduced from previous
y —» o, 5 o1 experimental measurements made by Miya et al. (reference
Air oo i ~ Aerosol in [3]), may be applied very successfully in this case. By
1O 910 rearranging this formula, one obtains:
o ‘, : . —3 2
K :2—‘ R0 ¥ 43 dy, /dt po X0 Z«Z;vf (5)
T Water y1 <3 dy; /dt ( X 1=2x107 5F
Ice \) where: p, is the air density (kgn—3); V, the air speed
Substrate //( (m-s™1); and & the water film thickness (m). In order to
- preserve the range of applicability of this formula, the

following inequality must be imposed:

Fig. 1. Schematic of a thin, supercooled water film flowing on the surface g pwvz F
of accreted ice in the “wet” regime. o>

2007 h2 7 3400

(6)
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If these limits are exceeded, however, the appropriate limit- of both surfaces are equal. Then, the reactionyaf/dr to

ing value for the interfacial shear stress should be assumed.sudden changes inygd/ds, which leads to corresponding
The first boundary condition for the heat transfer equa- changes in the water film thickness, must be investigated.

tion will consist of a modified Stefan problem, taking into

account the additional turbulent heat transfer and the pres-

ence of a finite supercooling imposed at the ice/water inter- 3. Turbulence modeling of momentum and heat

face: transfer
M aT dy1
—Pwlw <Xw + P_r,) oy = piLiE (7) The onset of the transition to turbulent water film flow
=, on an icing surface will be investigated elsewhere. Here, it
wherec,, is the specific heat capacity of waterkg—1-K —1); is taken as a given that the turbulent state has already been
pi is the density of the growing ice layer at the interfage attained. The solutions to Egs. (1) and (2), based on this fact,
(kg-m~23) whose rate of displacement isgfds (m-s~1); ¢ is may be obtained either with one- or two-equation turbulence

time (s);L; is the specific latent heat of freezing of water at modeling, or with algebraic modeling of the eddy diffusivity
0°C (3kg™1). As stated in [1], turbulence may be produced for momentum transfer.

by waves at the air/water interface, or by water flow moving

past the growing ice crystals at the water/ice interfage, 3.1. Velocity profile of a turbulent water film under a wavy
where the growing crystals are considered as “roughnesswater/air interface

elements”. Although turbulence is absent in the laminar sub-

layer near the ice/water interface, the second term on the left- By using the following definitions

hand side is retained to account for the case of a “thermally

rough” surface, where the heat flux is considered to arise #t = v Twi/Pw (11)
from the tips of the ice crystals which reach into the buffer y*+—y . y/v, (12)

zone. For the purposes of the present paper, the ice/water
: ) X U =uju; (23)
interface is considered to be rough.

The second boundary condition for the heat transfer (1) may be transformed into the non-dimensional equation:
equation accounts for the presence of a finite supercooling, n I
A1, relative to the fusion temperaturg,, at the ice/water —— { (1 + 8_’”) du” } -9 { (1+ 8+)8L } =0 (14)
interface: dy* v /J dy* Iyt M oyt
Tlymy, =T1 =T — A1 (8) wherety, is the wall shear stress (M™2); u, is the wall

skin velocity (ms™1), andy* andu™ are the dimensionless

The equation defining this supercooling, which is the motive coordinates in the direction normal to the main flow, and the
power for ice/water interface growth on a microscopic scale dimensionless velocity of the water film flow, respectively.

[4], may be written as follows: The dimensionless eddy diffusivity is defined byf, =
dy1 b b em/Vw-
o — ¢ M=aTn—T) (©) Eq. (14) is the usual dimensionless formulation for

turbulent Couette flow. From the classical formulation for

—1 —b -
wherea (m-s _'K ) ;_andb are empirical constants. The the total dimensionless shear stress, it follows that:
second equation, which completes the mass balance, de-

scribes the displacement of the air—aerosol/water interface, .  ©  w+7twis ey dut  dut

normal to the water film flow, resulting from the flux of im- = Tul Ve dyt | dyt
pinging water droplets: dut
P = (L+el) s (15)
dy, w-E-V, c (10) dy+t
>2_T T
dr Puw where,t is the total shear stress in the water filmifiN2),

where d»/dt is the growth velocity of the water film surface  which is the sum of the laminar shear stresgs, and an
(m-s7Y); w is the liquid water content (LWC) of the air— additional turbulent shear stress, itself resulting from
aerosol flow (kgm~3); E is the mean transfer efficiency of eddy momentum transfer; and™ is the dimensionless
the dispersed phase, from the aerosol onto the surface of theequivalent of the total shear stress. By comparing (14) and
water film (i.e., the entrainment or collection efficiency [1]); (15), we infer that the total shear stress remains constant
and C, is a correction to the rate of displacement of the through the entire water film thickness. In the last term on
air/water surface arising from evaporation-§mt). Unlike the right-hand side of Eq. (15), it was assumed that the
the order of magnitude of the inflow and discharge of water, turbulent shear stress vanishes at the wall, and as a result
dy1/dr and dvo/dr are of similar orders of magnitude. In  that tyis = . If the turbulence also vanishes near the air—
order to determine the stability of the system, its equilibrium aerosol/water interface (to be discussed in the next section),
must first be determined, when the rates of displacementthen an equality of the wall and interfacial shear stresses
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w = F follows automatically. In such a case, the equation interface. Van Driest's eddy diffusivity model, with the
for the water film velocity profile may be written as: damping layer merging into a logarithmic law in the fully
turbulent region, may be written as follows:

EM

+

1
d
/1+8,i§ Vw
0

2 2
From these last equations, it may be concluded, that deter- = 05+ 0'5\/1+4K2y+ [l_ exp(—y+/A+)] (18)
mining the eddy diffusivity for momentum transfer, through wherek is von Karman’s constank = 0.4; andA* is van
the entire film thickness, is a key factor for algebraic model- Driest’s empirical damping constam;t = 26.
ing of the turbulent liquid film. Once the velocity profile has In a channel flow with a free water surface, fluctuations
been determined, the Reynolds number of the water film, de-of the normal velocity in the water cease near the free
fined through the mass flow rate, may be calculated as fol- surface, due to the combined effects of surface tension

+
Em

(16)

y+

lows: and gravity [9]. This constraint gives rise to increased
bt streamwise and lateral motions in this region, however,

r o promoting increased turbulent velocity fluctuations in each

Rer =4M_w 24/” dy (17) of the directions mentioned. Temperature fluctuations, on

the other hand, are greatest near the free surface. Levich
[10], on the basis of theoretical suppositions, assumed that
surface tension could be a stabilizing factor, eliminating
normal turbulent velocity fluctuations near the free surface.
He called the layer over which the surface tension influence
extends a “diffusion sublayer”. According to Levich, its
thicknessh, , may be defined as follows, using dimensional
considerations:
>l/2

Ow—a " Vw
hU B ( Pw - ﬁ/3
whereo,,_, is the surface tension at the boundary between
The turbulence field in thin, shear—driven water films the water and air (kg~2); and?’ is the root-mean-square
presents several levels of complexity due to having a com- (rms) fluctuation of the normal velocity component in water
bined source in both the wave-sheared air—water interface(m-s—1).
and the shear near the wall. Moreover, due to the thin-  Powerful bursts from the wall region, i.e., the solid/liquid
ness of the films, their turbulence structure has, so far, beeninterface, are considered to be the source of the turbulence.
poorly investigated. Nevertheless, many empirical and semi- Levich [10] also proposed that the eddy diffusivity near the

whererl™ is mass flow rate per unit of film width (kep~1.s71),
while it = u, - h/v, is the dimensionless water film thick-
ness, defined by analogy with the definition of scale in the
distance normal to the flow, i.e., Eq. (12). In the following
section, two appropriate algebraic models of eddy diffusiv-
ity for momentum transfer will be proposed, and the ratio-
nale for such a choice will be provided.

. (19)
3.2. Turbulence structure and relevant algebraic model

empirical models exist, particularly, for freely-falling turbu-
lent liquid films [5]. In contrast, the corresponding turbu-

solid/fluid interface should vary as the third power of normal
distance from the wall. This is allowed for in van Driest’s

lence structure in channel flows has been carefully studied.model (18). In the vicinity of the fluid/fluid interface,

Recently, Komori et al. [6] found that the structure of tur-

however, according to Levich [10], eddy diffusivity varies

bulent mass transfer across the sheared air/water interfac&s the second power of normal distance from the wall. In
in channels is very similar to that in thin films. Although in summary, for the case of a free liquid surface, the eddy
the latest experimental investigations [7], the minute eddies diffusivity in the direction normal to the main flow, should
characterizing organized motion at the wavy surface were increase from zero near the wall, as the third power of the
not found in a thin liquid layergO ~ mm), comparedwitha  normal distance from the wall, then reach a maximum in
deep liquid layer(O ~ m), the general turbulence structure the bulk flow, and finally, at a depth defined by Eq. (19),
in both cases was found to be similar to a large degree. Thisbegin to decrease to zero once again at the free surface, as
leads us to suppose that turbulent transfer mechanisms, i.e the second power of the normal distance from the wall. The
heat and momentum transfers, in both cases, are nearly idenalgebraic eddy diffusivity model for turbulent water flow in
tical as well. Thus, the experimental data from channel flow @ channel with a free surface, based on slightly different
will be applied to thin liquid films. Similar considerations considerations [11], has a similar overall eddy diffusivity
have been made for freely-falling films [5]. distribution in the liquid. An asymmetry in its distribution
The structures of the turbulence field in an open channel over the liquid layer, especially for larger wavelengths, may
flow, involving a free water surface, and a sheared wavy be noted as well. Application of the logarithmic profile to the
water surface, are distinct from one another. Although the bulk of the water flow led Ueda et al. [11] to the following
velocity field near the wall, in both of the above cases, can be €quation that does not include damping:
represented by van Driest’'s eddy diffusivity model [8], this +

y
field is completely different in the region of the water/air &y =Ky™ <1_ h_+) (20)
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In the case of a rough solid/liquid interface, the rise near ease of calculation, we also consider Mudawwar and El-
the wall should be steeper without a damping layer [8]. Masri’s model [5] for heat transfer across a freely falling,
Such a one-dimensional turbulence model could be appliedturbulent water film, heated from below. The results obtained
to the case of gravitational flow of a water film over an icing with models for heat transfer through a turbulent water
surface, e.g., for the mechanism of icicle formation under film heated from below will be compared to the results
conditions of free or mixed convection. A two-dimensional obtained with a near-the-wall eddy diffusivity model [8].
eddy-diffusivity model analogous to that presented in [12] Both models mentioned for use with a turbulent water film
(i.e., a model with two eddy diffusivities in the two coor- were developed for its gravitational flow only, including the
dinate directions), must consider a secondary maximum for dependence of the heat transfer on the Reynolds number,
the streamwise component of eddy diffusivity near the free Re-, the Prandtl numbePr, and the Kapitza numbeKa,
surface, owing to the redistribution of turbulent kinetic en- especially in the regioiRg-. < 10*. A few words should
ergy, as mentioned earlier. be said about the adjustment of the models to the case of

In the case of a turbulent, shear—driven liquid in a chan- a shear—driven film. The newly introduced dimensionless
nel, the presence of waves on its surface is a supplemenKapitza numberKa, is defined by:
tary source of turbulence. This additional turbulent energy is a
thought to be produced by the microbursts upstream of the Ka = _Huws
crests [13]. Consequently, the total turbulence intensity in PwOy—q

the liquid layer, with a concurrent wavy gas-liquid flow, has wherep,, is the dynamic viscosity of water (kg—1.s~1):
an approximately constant value over the bulk of the flow, andyg is the acceleration due to gravity (&12). It may be

increasing slightly near the free surface, and increasing rel- .5iq thaka explains the extension of the damping layer near

atively more in the near-the-wall region. The complex in- he airwater interface, due to surface tension, as defined by
teraction of two turbulence fields, created near the wall and g4 (19) Ka can also be useful in the definition of the critical

near the wavy surface, results in the formation of a vortex

structure [14]. Consequently, it would appear that the clas- o5\ the wall and near the water surface, merge, completely

sical modified surface renewal eddy diffusivity model [9], yom6ying the turbulent core. The critical Reynolds number,
with a pre-defined frequency of surface renewal motions on for the case of heating, is determined, from [5]:

the water side of the water/air interfacgy, is not appro-

priate here. The frequencywr, can presumably be related Rgq- crit = i

to the amplitude, wavelength, and frequency of the waves. ’ Kad1

To the best of our knowledge, however, a complete theory of The eddy diffusivity in this model is then given by:
this kind has not yet been formulated.

(21)

Reynolds numberRer ¢it, at which both damping layers,

(22)

The mass transfer intensity in any surface renewal model .+ _ _g5 0.5|:1+4K2y+2(1— £>2
is generally known to be proportional to the square root ht
of the frequency of surface renewal moti 1{2. Komori + +\ 1/2
et al. [6] found experimentally, that a strong relationship X {1— exp[—Z—Jr( — z—+)

exists betweenf\,%{2 and the friction velocity,u,—,,, at

the wavy air/water interface. In the high shear region, 0.865Re. .\ 1) 1/2
the rate of increase offy/? diminishes with increasing X <1— T)]} :| (23)
values ofu,_,,, tending towards saturation. This suggests a

saturation of the turbulent transfer mechanism near the wavy The best way to adapt this model to a shear—driven film
water/air interface, for high shears,(, > 0.25 ms™). is to introduce a dimensionless number similar to that
These observations indicate the importance and advantagegefined by (21), accounting for the influence of shear stress
of using an interfacial shear stress approach in the eddyinstead of gravity, and then to find, either experimentally
diffusivity model, instead of a surface renewal model, for or theoretically, the relationship betwe&® it and this

the regionu,_, < 0.25 ms™1. In order to investigate the number (see Appendix A). This, however, would be a
effect of interfacial shear stress on the momentum and heatlaborious procedure, since, to the best of our knowledge,
transfer, the model developed by Hubbard et al. [15] will a correlation of this kind has not yet been investigated.
be applied in our next investigation. Their model consists Another way of adapting this model to a shear—driven film
of two equations for eddy diffusivity near the wall and is to perform calculations using definition (19) together with
near the liquid—air interface, respectively, overlapping at the definition of the laminar sublayer [16]. The simplest way,
their point of intersection. The second equation, which however, is just to assume that laminarization in both cases,
is an empirical description of the results of experimental i.e., inthe case of both gravity-driven and shear—driven films,
measurements of adsorption in the surface layer of thin occurs under the same dynamical conditions. Taking into
films, proposes a variation of eddy diffusivity with the account the fact that the definition of the laminarization
second power of the normal distance from the wall, exactly parameter is obtained from the Nusselt thickness for a
as proposed by Levich [10]. In the present investigation, for freely-falling laminar film [5], this assumption is reasonable,
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(4) [5] for heating, hT = 1602, Rer = 1.23 x 10* (h = 2 mm; . . e . ) .
V, =30 ms-1) Fig. 3. The behavior of eddy diffusivity [5] in a water film of various
W= .

thicknesses, as a function of normal distance from the wall, for Reynolds
numbers in the transition region with heating: () = 6.4, Rg-. = 80.2
- . _ _ ~1y. +_ _ _
though not necessarily incontrovertible. In the latter case, (‘f— 2%0 “T*l;’a(;) ;2 mSOS)vFEZ) h 8—378'@ REFlL = 125 G IOZOO_Ff)“v
. . . . = ms -); =205,Reg = =1mm,V, = ms )]
the model can be applied directly only by taking |nto. 4) it = 40, Rar = 2.78 % 10° (h = 500 ym, V, = 30 ms-1):
account thg temperature dependencg of the water propertiegs) ;+ — 534, Rer = 39 x 103 (h = 2 mm, V, = 10 ms~1);
introduced in theKa number. Calculations show that, when (6) r* = 801, Re;. = 598 x 10> (h = 1 mm, V, = 30 ms™1);
the temperature of supercooled water varies over the range(7) " =2669, Ree =2.12x 10* (h =5 mm,V, =20 ms™1).

T, to T> with Apkx = 6 K, the value ofKa varies from

2.4x 10 19t0518x 1010, Using a value of ®5x 1010, This appears to be the principal distinction between wavy,

corresponding to a supercooling of 4 K, one may deduce thin film flow and classical turbulent Couette flow, where

from (22) thatRe-_ it = 8455. This value will be used in  the eddy diffusivity decreases after attaining a maximum,

further calculations later in this article. constant value in the bulk flow [17], similar to the water flow
Fig. 2 presents the profile of eddy diffusivity obtained near the free surface in a channel [11].

from the various models, and the results are compared with

the near-the-wall behavior of eddy diffusivity obtained from 3.3. Turbulent temperature profile in a supercooled water

(18). The behavior of the eddy diffusivity for a thin water film under a wavy surface

film near its surface is completely different from its near-the-

wall behavior. In Fig. 3, eddy diffusivity profiles obtained By using the following definitions
from [5] are presented for various dynamical conditions. The T—-T1
regular growth of the average and maximum values of eddy I = T, (24)

diffusivity, with increasing Reynolds number, can be seen i (T — TP
very clearly for the transition region, beyond the transition 7, — Pitigr _ pi ia(Tm — T1)

(25)
region, and for the region of developed turbulence. A slight PwCuwlr PwCwle
overestimation of the eddy diffusivity is obtained for the Eq. (2) may be transformed into:
region of laminar flow. 2T+ T+ de?, 1
Eddy diffusivity may not vanish completely at the air— iy - (26)
aerosol/water interface due to: dy* dy™ dy™ (Pr,/Pr+ey)

whereT™ is the dimensionless temperature; ghdis the
(i) the instantaneous rupture of the thin water film at wave friction temperature (K). Using the same definitions, the

crests, with consequent droplet ejection; or boundary condition (7) may be transformed into:
(ii) very strong influence of the waves; or dr+ 1

(iif) the powerful bombardment of the air—aerosol/water —— ==
interface by large droplets. dy* y*r=0 (1/Pr+ 8/‘+4/Pr’)
Here, for the purposes of the present work, we will consider
As a consequence, wall and interfacial shear stresses? “thermally smooth” surface, i.e., the latent heat emerges
will not be equal. This complex case, however, will not be Pprecisely at the ice/water interface. Then condition (27) may

discussed in this paper. In summary, one may say that thebe written as:
question of the general shape of the eddy diffusivity function d7*
near the wavy, sheared interface still remains unanswered.dy—+

(27)

L =" Pr (28)
y+t=0
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= 100

-
+

(_

Hence, the Prandtl number defines the slope of the non-
dimensional temperature near the ice/water interface. The
second boundary condition, obtained from (8), is:

T*|y_o=0 (29)

T TTTm
L1111

y

10

3.4. Results of numerical computation

-KePry1 d T */d(In

TTTTTR
I L i

Both equations for velocity (14) and temperature (27)
have the same shape. The numerical solutions were obtainec:
by using a fifth- and sixth-order Runge—Kutta—Fehlberg
algorithm, with reducing step-size, allowing a control on +
the accuracy of the solution by comparing the solutions ?0.01 T T T Y
of the fifth- and sixth-order. The desired accuracies for -1 0 +1 ) +3
T+ and its first derivative were different: for'*, the log y+ ©)
accuracy was higher than for its derivative. The algorithm
was implemented using a marching procedure from the Fig. 4. Universal law-of-the-wall for the fields of: (1) velocity; and (2)
ice/water interface to the air/water interface. Equality of the temperature.
wall and interfacial shear stresses defines the slope of the

VelOCity prOfile near the Wa”, i.e., the ice/water interface (3) In order to app|y the eddy d|ffus|v|ty model for thin films
For the dimensionless temperature, the slope at the marchings], we need to specify the dependence of the interfacial
point is given by (28). The second boundary condition for shear stress on the water film thickness. Fig. 5 presents the
both equations is given by (4) and (29), respectively. behavior of the air shear stress at the surface of the water
The application of van Driest's model [8] for eddy diffu-  fjlm, as employed in further calculations. The values of the
S|V|ty reveals a universal law-of-the-wall for both equations. air shear Stress’ calculated according to Eqs (5) and (6), are
Both solutions, shown in Fig. 4, exhibit the following signif-  compared to the values obtained for air flow over water in a
icant layers [18]: wind-wave tank [6]. The accepted behavior of the air shear
stress, with a saturation value attained near the maximum
of Rer, as presented in [3], require some explanation.
0<y"<5 whereu™ =y* (30) In [1], we have seen that the formula for the average skin
friction coefficient for a rough, flat plate,r, describes the
experimental data from [3] precisely. This means that a
o<yt <2, TH=y* (30a) conceptual model that takes into account the features of
interfacial waves, especially their amplitude, is correct. Chu
and Dukler [19] measured the ratio between substrate wave
5<yt <70 whereu™ =—-35+5Iny" (31) amplitude and substrate thickness, and compared their data
with the results obtained by other authors. This ratio was
found to be a saturating function dtg, in the range

0.1 v

’ 3
1

/d(Iny™) or

u

a pure viscous sublayer

and

a buffer layer

an overlap layer

1 from 10 to 1000, increasing from 0.05 to 0.5. Such a

+ +_ Znyvt + '
y' =170 wherey” = —Iny" +C (32) maximum was also predicted by Kapitza (reference in [19])
and and Levich [10]. At the same time, it was found that, for

Pr constantRe-, an increase in the gas Reynolds number
lim T+(y+, pr) ——'In yt 4+ C;‘+(pr) (33) effects a decrease in film thickness. Accordingly, it is logical
K to suppose that the shear stress distribution, which is a
where the constant in the final temperature distribution function of the state of the air—aerosol/water interface, is also
depends on the Prandtl number only: a saturating function of water film thickness. Although in
C;; —137Pr23_75 (34) their next gxperimentql Wor_k, Chu and Dukler [ZQ] obtained
a new maximum for this ratio, equal nearly to unity for large
The constantC™ in the velocity distribution, for smooth  waves, withRe-_ in the range 500 to 5000, a saturation in the
surfaces, is typically taken to be 5. For rough surfaces, it is shear stress distribution was found once again. Even more
a function of the equivalent sand roughndss,A rigorous recent investigations [21] recognize four different regimes:
approach should consider the dependence&6f on the smooth; a region of 2-D regular waves; a Kelvin—Helmholtz
growth rate of the ice/water interface. For the present wave region; and an atomization region, where droplets are
purpose, however, we will define it only for the stable case, sheared off the crests of the waves. The boundaries are
when the growth rate of the ice/water interface equals the mobile, depending on th&eg. and the viscosity of the
growth rate of the water/aerosol interface. fluids. Thus, adoption of saturation of the air shear stress
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Fig. 6. Calculated velocity profiles for different water film thick-
Fig. 5. Typical distributions of interfacial shear stress for concurrent nesses compared with the “pure laminar” Couette profile and uni-
air-water flow as functions of the water film thickness used in the versal law-of-the-wall turbulent profile: (1) laminar Couette profile
calculations. The case of air flow over a thin water film [3] is compared u* = y*; (2) near-transitionaht = 205, Re- = 837.7 (h = 500 pum;
to the case of air flow over water in a wind-wave tank [6]: (1) thin V, = 20 ms™1); (3) post-transitionalh™ = 534, Re = 3.9 x 10°

film, V, = 10 ms™%; (2) wind-wave tank,V, = 10 ms™%; (3) thin (h =1 mm; V, = 20 ms™1); (4) developing turbulent:t = 1068,
film, V, =20 ms~1; (4) wind-wave tank,V, = 20 ms~1; (5) thin film, Rer =8.04x 103 (h =2 mm; V, = 20 ms1); (5) developed turbulent
V,=30ms L for h™ = 267,Rer| = 2.12x 10* (h =5 mm; V, = 20 ms~1); (6) univer-

sal law-of-the-wallut = 1/C* + (1/K)Iny™.

implies the occurrence of saturation in wave amplitude in
the 2-D regular or the Kelvin—Helmholtz wave regimes. new eddy vortices, and the consequent decreasing role of
Additional increases in the already-saturated value of air viscous transfer. Near the ice/water and water/air-aerosol
shear stress can be related to a change of the mode ofnterfaces, it increases in order to transfer the energy
interfacial waves, from lower to higher, and a consequent via an increased temperature gradient. The temperature of
rapid saturation to their new amplitude. the surface of the water film also changes. As well, the

Fig. 6 presents the velocity profiles calculated for various temperature differencé, — 7>, decreases due mostly to the
water film Reynolds numbers, in the region of transition and increase irf». This occurs because the transfer of latent heat
beyond. It makes it possible to compare the resulting profiles from the surface is greater due to larger eddy diffusivity, and
with the laminar linear Couette and universal law-of-the hence the rate of displacement of the ice/water interface is
wall turbulent profiles. Below the critical Reynolds number faster. Where very large Reynolds numbers of the water film
defined by (22), the profile resembles the linear Couette are concernedO ~ 10%), the subdivision of the water film
profile. Beyond the critical Reynolds number, the profile into sublayers, with completely different characteristic heat
deviates considerably from linearity. At the same time, a transfer mechanisms, has already been completed. There are
layer of strong velocity gradient appears near the surface,three sublayers: two very thin viscous sublayers near both
as a consequence of surface tension damping of the eddynterfaces (about 10% in total), where heat transfer occurs
diffusivity. As the Reynolds number increases, the profile exclusively by molecular processes through an increased
resembles the universal law-of-the-wall, with a diminishing temperature gradient, and a turbulent core occupying the
damping sublayer near the surface. This sub-layer remainsrest of the film thickness, where the heat transfer occurs
noticeable even for large water film Reynolds numlgérs- exclusively by eddy vortices.
10%, though it becomes considerably thinner. When the near-the-wall eddy diffusivity model [8] is

In Fig. 7, the temperature profiles over the water film applied, the temperature profiles are completely different
thickness are presented for the transitional region, as wellfrom those presented in Fig. 7, as shown in Fig. 8. Thereis no
for the regions before it, and beyond it. In the region confinement of turbulence near the water film surface, and
before the critical Reynolds number is attained, the profile is the vortex size, i.e., mixing length, continues to grow rapidly,
appreciably close to linear (curve 1 in Fig. 7). A doubling of which seems unnatural. In order to preserve the similarity of
the Reynolds number, i.e., f&te:. = 1.99 x 10° (curve 2 the dynamical properties, the profiles were calculated for the
in Fig. 7), does not change the profile significantly. It is same Reynolds number. Since the velocity distributions are
still close to linear, although the deviation from linearity different, the thickness at which the Reynolds numbers are
is already noticeable. This trend in the local temperature equalized is also different in both cases. Fig. 9 presents the
gradient over the film thickness continues at larger Reynolds difference between the thicknesses as a function of Reynolds
numbers, i.e., foRe: = 2.53x 10° and 39 x 10° (curves 3 number. As a consequence of the overestimation of turbulent
and 4 in Fig. 7). In the core of the flow, the temperature friction drag near the water surface, with the near-the-wall
difference, Ty — T, diminishes due to the development of eddy diffusivity model [8], the calculated thicknesses here
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Fig. 7. Temperature profiles in the turbulent supercooled water film ot L — . e

calculated with the Mudawwar and El-Masri eddy diffusivity model 2 3 4
for heating [5] for various Reynolds numbers: = 8377

g [5] Y (BerL |°g HeFL (_)

(h =500 pm; V, = 20 ms~1); (2) RerL = 1.99 x 10° (h = 600 pm;
V, =20 ms1): (3) Rery = 2.53 x 10% (7 = 700 pm;V, = 20 ms™1);
(4)Re =39 x 103 (h =1 mm;V, =20 ms1); (5) Rer. =8.04 x 10°
(h=2mm;V, =20ms™ 1),

Fig. 9. Conformity between the Reynolds numbers of the dimensionless
water film and its thicknesses calculated for different distributions of eddy
diffusivities: (1) van Driest [8] near-the-wall model; (2) Mudawwar and

El-Masri [5] model for heating.
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Fig. 8. Temperature profiles in the turbulent water film calculated with the y.|.
near-the-wall eddy diffusivity model [8] for the same Reynolds numbers as (')

in Fig. 7: (1)Rer, = 837.7; (2) Rer. = 1.99x 103; (3) Rer, = 2.53x 103; _ S ,
(4) R = 3.9 x 10%; (5) Rer = 8.04 x 10°. Fig. 10. Temperature distributions in a turbulent supercooled water

film for two thicknesses and three supercoolings at the ice/water in-
terface: (1)h* = 534; A; = 0.08°C; (2) hT = 534; A1 = 0.09°C;
are greater. The difference is minimal for post-transitional (3)s*+ =534; A; =0.1°C; (4) i+ =587; A1 = 0.08°C; (5) h+ = 58.7;
Reynolds numbers, and maximal for developed turbulent A1 =0.09 °C; (6) " =587; A1 = 0.1°C; (1-3) RerL = 3.9 x 10%;
flow. (4—6)Rer = 4.34 x 105,
A consideration of the dimensionless soluti@rn’, for
the recalculation of the dimensional temperature profile al- face: 0.08 K, 0.09 K and 0.10 K. A difference of only 0.01
lows us to draw certain conclusions about the regulation of K in the supercooling at the ice/water interface corresponds
the rate of displacement of the ice/water interface, when to a difference in air—aerosol/water interface temperature of
there is turbulent heat transfer from this interface. Fig. 10 more than 0.5 K. Such a result emphasizes the importance
shows recalculated temperature profiles over the water film of the interfacial supercooling for turbulent heat and mo-
thickness. Two very similar thicknesses were employed for mentum transfer through the supercooled film. At this point,
the calculation, 1.1 mm and 1.0 mm, with an air velocity of it is already possible to provide an answer to the question,
20 ms~L. The calculated Reynolds numbers 09 % 10° which was formulated in the accompanying paper [1], at-
and 434 x 103, for both thicknesses, belong to the region of tempting to discover the relative significance of supercool-
developed turbulence. The temperature profiles were calcu-ing at the ice/water interface and the temperature gradient
lated for three values of supercooling at the ice/water inter- in its proximity. The appearance of turbulence in the super-
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cooled shear—driven water film flowing on an accreting ice AR EE SRR RR LA EE L TR

surface is a decisive factor which alternates the role of the
temperature gradient near the ice/water interface with the
role of supercooling at the same interface in the ice accre-

. i i -100 &
tion process. For a laminar supercooled water film, as shown —_ j
in [1], the temperature gradient plays the principal role, with 4._150 5

50|

the first signs of turbulence, the supercooling at the interface + \ \4
o . [ 3

becomes significant. Let us consider one of the three curves 200
for the thicker film. A sudden decrease of film thickness to \ \2
a lower value corresponds to attaining a point on the curve 1

. - . . . -250
with the lesser supercooling occurring at the ice/water in- \
terface. Conversely, an instantaneous increase of film thick- 0 PG F A A BN R T e P g
ness corresponds to attaining the curve with a greater su- 20 40 60 80 100 120
percooling at the ice/water interface. In reality, this change vyt ()
will be even more profound than it appears in the figure. ) ) o )
These results arise from the fact that changes in the Waterl': ig. 11. Dimensionless temperature ~distribution in a  turbu-
. . . ent supercooled water film: (1)Resp = 8377 (» = 500 pm;
film thickness produce corresponding changes of the eddyy, _ 50 ms-1): (2) Rer = 3.03 x 163 (1 = 800 pm; V, = 20 ms~1);
diffusivity defined by (23), and hence the growth rate of the (3)Re; =3.9x 103 (h =1 mm; V, =20 ms~1); (4) Re = 4.76 x 10°
ice/water interface adjusts to changes in the water film thick- (» = 1.2 mm; Vo =20 ms~1); (5) Rer = 8.04 x 10° (h =2 mm;
ness. When the water film thickness increases, the growthVa =20 ms™).
rate of the ice/water interface accelerates, and vice versa. A

TT 11

o

similar result for a simplified turbulent case was found by 0 — T —_
Kachurin [22], who assumed that the eddy diffusivity is pro- B E
portional to the second power of normal distance from the -50 - :
wall, as proposed by Levich [10]. Furthermore, Kachurin 100+ .
proposed a simplification related to averaging the eddy dif- _ E Pr=15.2 ]
fusivity over the water film thickness. In this sense, our more ~=~_150 ’ .
rigorous investigations of laminar and turbulent flow in a * ® C / ]
freezing water film, have finally proved a thesis, formulated =~ -200+ ]
and predicted over 40 years ago, namely that the wet regime 250 / ]
of icing is not directly related to the temperature of fusion. C / .
Rather, the nature of the icing regime is dictated by the fluid 300C T TR T B B W IR T B B W
dynamics of the freezing water film on its surface. 3 4 5
log Reg, ()

3.5. Heat transfer in a turbulent supercooled shear—driven

. Fig. 12. Typical distribution of dimensionless temperature as a function of
water film

the Reynolds number for the water film.

A dimensionless heat transfer coefficieft’, based on
the temperature of the water/air—aerosol interface can bewhereTzJr is the dimensionless temperature of the water sur-

defined as follows: face. The Prandtl number is a function of temperature, and
Owl - h T2+ is a function of the Kapitza, Prandtl and Reynolds num-
+ wi .
H' = —7— T —T») (35) bers. If we suppose that the temperature of the water film
w

) ) ) changes only within a very narrow range of supercooling,
whereQy is the heat flux evolved at the ice/water interface, then some of these numbers may be taken to be constants, as
which we suppose to be transferred entirely to the surface of\y55 assumed when we deduced the critical Reynolds num-

the water film, i.e. Owi = Qout. ber, where the Kapitza number was taken to be constant. An-

‘Using Egs. (8) and (9), and the formulation for the other form of Eq. (37), taking into account the supercooling
thickness of a shear—driven water film, (35) may be written: 5t hoth surfaces, is:

7. aAD 1/2

gt = P:;,aAi - (ﬂw F;j;L Vw) (36) H+ T Pr(T) Ré{_z
Pwu (T = A1 = 12) V2(Az— A (Ka, Pr, Rex)

Using the dimensionless definitions (24) and (25), Eq. (36) _. . . )
can t?e written: (24) (25). Ea. (36) Fig. 11 presents the dimensionless temperature profiles for

' various film thicknesses, with an air speed of 20sTh.

H¥— _ Pr(T) Re'lz{_z A typical distribution of the dimensionless temperature of
o \/QTZJ“(Ka, Pr, RerL) the air—aerosol/water interface is shown in Fig. 12.

(38)

(37)
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4. Conclusions e The presence of turbulence in this supercooled water
film is found to be a determining factor for its stability
The thermodynamic and morphological stability of the under naturally varying or fluctuating thermodynamic
crystallization front (the interface between the solid and parameters.

the liquid) under a wind-driven, flowing melt film was e An explic.itl representatiqn of th'e flow of supercooled

investigated here as it relates to disturbances in the external ~ Waer in icing models will considerably alter the con-

thermodynamic parameters, using the ice—water system  C€ption of ice accretion modeling. _ _
as an example. The reaction of the ice crystallization © Finally, the approach used here for an ice/water transi-
front to disturbances in the thermodynamic parameters was 10N may have wide applicability to crystallization prob-

considered for both laminar (see [1]) and turbulent flow lems in closely related fields.

with heat transfer through the liquid film. In the laminar

regime, where the heat transfer from the crystallization
front is conditioned only by the adjoining temperature

gradient, the reaction of the interface to disturbances in the
thermodynamic parameters is always unstable. This unstable This study was accomplished within the framework of the
reaction results in corresponding changes in film thickness— NSERC/Hydro-Quebec Industrial Chair on Atmospheric Ic-
either a very fast disappearance of the film, or a rapid N9 of Power Network Equipment (CIGELE) at the Univer-

thickening of the film until it reaches a stable, turbulent Sity of Quebec in Chicoutimi, in collaboration with the ic-
regime. ing research group at the University of Alberta. The authors

Completely different behavior is to be found in the case would like to acknowledge the associates of the CIGELE
and NSERC discovery grant (EPL) for financial support. We
also most grateful to M.L. Sinclair for editorial assistance.
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of turbulent flow of a supercooled water film on an icing
surface. In this regime, disturbances in the thermodynamic
parameters, which lead to changes in film thickness, are
eventually damped, restoring the film thickness to its initial
value.

We have seen that the ice growth mechanism under a
flowing, supercooled water film, accompanied by turbulent
heat transfer from the ice/water interface, is self-regulating,
and adjusts to random changes over time in the thermody-

Appendix A. Derivation of the modified K apitza
number for the case of a shear—driven water film

The thickness of a freely falling water film flowing under
the influence of gravity can be defined by:

namic parameters, giving rise to a limiting solution for the h
case of unstable laminar heat transfer. The presence of cony,3 _ 3vw / udy (A.1)
vection can stabilize the process, bringing it, for both lami- 8

nar and turbulent heat transfer events, to a more stable and 0

more rapidly adjusting self-regulating point. For strongly de- The thickness of a thin film driven by an air shear stréss,
veloping convection, especially near the origin of the flow, applied at the surface of the film, is defined by:
the two different behaviors can merge into one stable be- i
havior, where the reaction of the ice/water interface is al- n2— le“—w/ud (A2)
ways self-regulating. A distinction between the two regimes =~~~ F Y '
of heat transfer from the ice/water interface can be clearly 0
seen in the absence of convection, where the presence of turBy defining the flow integrals through the Reynolds number
bulence in the supercooled water film is the crucial factor for the flow as:
for the further existence of the film. Otherwise, the film will
disappear very quickly, as a consequence of the merging of vy RerL
; i : ; . udy =

both interfaces, i.e., the ice/water and air—aerosol/water in- / 4
terfaces. A complete theory explaining how the transition ©
from one mode to another occurs, and using the results ob-and equating the thicknesses in the two cases, one can obtain
tained in both this paper and the accompanying one [1] will an expression for the motive power of the flow in the case of
be presented elsewhere [23]. a freely falling water film:

In summary, the following principal conclusions may be

(A.3)

; : : 12 F3/?
drawn from both this and the accompanying [1] papers: Pu8 = 3 —Tr o1 (A.4)
. . _— . M vy RE
. A physical explanatlon_has bee_n_ offeret_ll for dlstlngwsh- The original Kapitza number defined by:
ing the wet and dry regimes of icing. This explanation is
related to the dynamics of the water film flowing on the Ka— y,ﬁ)g (A5)

ici 3
icing surface. Puol_,
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may be written in terms of the motive power in gravitational
flow as:
4
n

> g Pw8
pwawfa
By substitution of (A.4) into (A.6), one obtains a modified
Kapitza number for the case of a shear—driven film:

Kash= 6(F ttyvu)¥%/v/203_, Rel? (A7)

This Kapitza humber should have a relationship with the
critical Reynolds number of the type:

Ka= (A.6)

Rer cit=a Kafh (A.8)

Since the modified Kapitza numb&asy, depends ofRRe-,
alone, (A.8) may be modified as:

/2+1/B
R Lcrit — (A.9)

where N is another dimensionless number defining the
interaction of surface tension and the applied shear stress:

N = 6(F pyvy)¥? /203 _, (A.10)

aN
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